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Abstract. This article surveys some recent advances made in the
understanding of the smooth knot concordance group C. The focus is ex-
clusively on those results which have been driven by Heegaard Floer homol-
ogy. Three invariants are discussed: the knot concordance epimorphisms
;  : C ! Z and the correction terms of double branched covers of knots.
1. Introduction
Since its introduction by Peter Ozsvath and Zoltan Szabo in 2001, Hee-
gaard Floer homology has made substantial contributions to low dimensional
topology. It is a nearly comprehensive package of invariants { it provides the
working topologist with invariants for 3-manifolds, invariants for nullhomol-
ogous knots in arbitrary 3-manifolds and invariants of smooth 4-manifolds.
There are a number of secondary invariants derived from these: for exam-
ple invariants of contact structures on 3-manifolds, other invariants of knots
obtained by applying the 3-manifold invariant to manifolds canonically con-
structed from the knot, etc.
This article is a survey of recent results in knot concordance stemming
from Heegaard Floer theory. To describe these, let us briey recall some of
the basic denitions.
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Definition 1.1. The smooth slice genus g(K) of a knot K in S
3 is the
smallest genus of any surface  smoothly and properly embedded in the 4-ball
B4 with @(B4;) = (S3;K).
We say that K is smoothly slice if g(K) = 0. Two knots K1 and K2 are
called smoothly concordant if K1 # K2 is smoothly slice where K represents
the mirror image of K with reversed orientation. The set of concordance
classes of knots forms an Abelian group under the connected sum operation
called the smooth concordance group and denoted by C.
Repeating these denitions verbatim for the case where  is embedded
locally topologically at leads to the notions of topological slice genus and the
topological concordance group Ctop.
The structure of C is still quite poorly understood. There is a surjective
homomorphism  : C ! Calg dened by Levine [11, 12] from C onto the
algebraic concordance group Calg isomorphic to the innite direct sum
Calg = Z1  Z12  Z14 :
It was rst proved by Casson and Gordon [1, 2] that  has a nontrivial kernel.
By further work of Jiang [8] and Livingston [13] it is known that the kernel of
 is innitely generated, in fact it contains a subgroup isomorphic to Z1Z12 .
Work of M. Freedman [4, 5] showed that the methods of Levine, Casson
and Gordon extend to the topological category yielding a homomorphism
top : Ctop ! Calg whose kernel also contains a subgroup isomorphic to Z1
Z12 . Another important result of Freedman's work is that any knot K with
trivial Alexander polynomial K(t) = 1 is topologically slice.
Fitting in with  and top is the map
	 : C ! Ctop
which sends the equivalence class of K in C to the one of K in Ctop. These






Very little is known about the kernel of 	, see however [3, 6]. Despite
the successes mentioned above, nothing is known about torsion elements in C
beyond the obvious 2-torsion generated by amphicheiral knots.
Here are some questions concerning C and Ctop which we shall address in
this article.
Question 1.1. Are there obstructions for K being of nite order in C
that are sensitive to the dierence between C and Ctop?
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The classical knot signature (K) is an obstruction to K being of nite
order but it doesn't dierentiate between the smooth and the topological
category.
Question 1.2. Are there obstructions for a knot K to be of order n in
C? Are there such obstructions which dierentiate between the smooth and
topological category?
Question 1.3. What can be said about the kernel of 	? What can be
said about the subgroup structure of Ker(	)?
Heegaard Floer homology has provided partial answers to each of the
question 1.1 { 1.3 and techniques are being developed to further unveil the
structure of C and Ctop. Since the 4-dimensional aspects of Heegaard Floer
theory rely on the smooth structure, results obtained are indeed sensitive to
the subtle dierences between C and Ctop.
The following theorems have been proved using Heegaard Floer homology
and are pertinent to question asked above. More details as well as further
results can be found in Sections 4{6.
Theorem 1.2 ([19, 24]). There is a surjective group homomorphism
   : C ! Z2
dened by means of Heegaard Floer homology (see Sections 4 and 5 for details).
Each of the components of this map agrees with  (K)=2 (where (K) is the
signature of K) when K is alternating.
While the invariants  and  from the theorem agree with the signature in
many cases, they are substantially dierent than the signature as the following
theorem states.
Theorem 1.3 ([14]). There are knots with trivial Alexander polynomial
and with non-vanishing (K) and (K). The kernel Ker(	 : C ! Calg) con-
tains a complemented subgroup isomorphic to Z2.
Remark 1.4. More is known about the kernel of 	. By a recent result
of C. Livingston [15] it in fact contains a complemented subgroup isomorphic
to Z3 but the extra copy of Z stems from yet another epimorphism s : C ! Z
which is the analogue of  in the context of Khovanov homology. It was
discovered by Jacob Rasmussen [25].
To state the next theorem, let YK denote the double branched cover of a
knot K in S3.
Theorem 1.5 ([7]). For a knot K to be of order n in C the determinant
of K 0 = #nK needs to be a perfect square, say j detK 0j = m2. Furthermore,
there is a subgroup H of order m of H2(YK0 ; Z) for which all the corresponding
correction terms vanish:
d(YK0 ; s) = 0 8s 2 H
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for some ane identication of H2(YK0 ; Z) with the set Spinc(YK0) of spinc-
structures on YK0 .
For a denition of the correction terms d(YK0 ; s) see Subsection 2.4. As we
shall see in Section 6, the obstruction from Theorem 1.5 is stronger than other
known obstruction and can be used to prove previously unavailable results.
Clearly Theorems 1.2 and 1.3 pertain to Questions 1.1 and 1.3 while Theorem
1.5 addresses Question 1.2.
The remainder of the article is organized as follows. In Section 2 we give
the necessary background in Heegaard Floer homology needed to understand
the invariants  ,  and the correction terms d(Y; s). Sections 4, 5 and 6 discuss
each of these three invariants at greater length and provide the reader with
further results about C obtained from their study.
2. Heegaard Floer homology
2.1. Denition of the Heegaard Floer groups. Throughout the article we let
Y denote a compact, orientable 3-manifold without boundary. By Spinc(Y )
we denote its space of spinc-structures which we often identify with H2(Y ; Z)
via an ane isomorphism which sends a spin-structure s 2 Spinc(Y ) to 0 2
H2(Y ; Z).
The Heegaard Floer homology groups dHF (Y; s), HF(Y; s) and
HF1(Y; s) are topological invariants of the pair (Y; s), s 2 Spinc(Y ). They
derive their name from their denition which is via a Heegaard diagram for
Y as we explain below.
Definition 2.1. A Heegaard diagram for Y is a triple (g; ; ) con-
sisting of a genus g surface g and two collections  = f1; :::; gg and
 = f1; :::; gg of g simple closed curves subject to the conditions:
1. The -curves are mutually disjoint, so are the -curves. The -curves
intersect the -curves transversely at nitely many points.
2. The classes f[1]; :::; [g]g are linearly independent in H1(g;Z). The
same holds for f[1]; :::; [g ]g.
The 3-manifold Y can be reconstructed from a Heegaard diagram as fol-
lows:
 Attach 2-handles to the  and  curves.
 Thicken the 2-complex from the previous step to obtain a 3-manifold
C with boundary. Conditions 1 and 2 from Denition 2.1 guarantee
that the boundary of C is a disjoint union of two 2-spheres.
 Attach a 3-ball to each 2-sphere in the boundary of C. The resulting
3-manifold is Y .
To help us keep track of spinc-structures on Y we need a bit more infor-
mation than just a Heegaard diagram for Y .
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Definition 2.2. A pointed Heegaard diagram for Y is a quadruple
(g ; ; ; z) where (g ; ; ) is a Heegaard diagram for Y and z (which we
shall refer to as a basepoint) is a point taken from the complement of the 
and  curves in g:
z 2 g   f1 [ ::: [ g [ 1 [ ::: [ gg:
Given a pointed Heegaard diagram (g ; ; ; z) for Y , let
Symg(g) =
g  ::: g
Sg
be the symmetric g-fold product of g dened as the quotient of the g-fold
Cartesian product of g with itself moded out by the obvious permutation
action of the symmetric group on g letters Sg . Even though the action of Sg
is not free, Symg(g) is a manifold of dimension 2g. Moreover, it inherits a
complex structure from a choice of a complex structure on g.
Let T and T be the g-dimensional tori in Symg(g) dened as
T = 1  ::: g ; T = 1  ::: g:
By conditions (1) and (2) from Denition 2.1 the two tori T and T intersect
in nitely many points. It was shown in [23] that the basepoint z 2 g f[g
gives rise to a map
sz : T \ T ! Spinc(Y )
which is substantially used in the denition of the Heegaard Floer groups.
With these preliminaries in place we dene the chain complexes dCF (Y; s),
CF(Y; s) and CF1(Y; s) as the free Abelian groups with generating sets
CF1(Y; s) = f[x; i] jx 2 T \ T ; i 2 Z; sz(x) = sg;
CF (Y; s) = f[x; i] 2 CF1(Y; s) j i < 0g;
CF+(Y; s) = CF1(Y; s)=CF (Y; s);dCF (Y; s) = Ker  U : CF+(Y; s)! CF+(Y; s) :
(2.1)
There is an action of the polynomial ring Z[U ] on CF1(Y; s) dened by
U  [x; i] = [x; i   1]. This action descends to CF(Y; s) and is used in the
denition of dCF (Y; s). Intuitively one can think of CF+(Y; s) as the free
Abelian group generated by pairs [x; i] with i  0 while dCF (Y; s) can be
thought of as generated by [x; 0], x 2 T \ T .
The dierential @1 : CF1(Y; s)! CF1(Y; s) is dened by
@1([x; i]) =
X
y 2 T \ T
 2 2(x; y)
() = 1
#M ()[y; i  nz()]:(2.2)
We proceed by explaining the meaning of the symbols from (2.2).
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1. 2(x; y) is the set of homotopy classes of Whitney disks connecting x
to y. The latter is a map  : D2 ! Symg(g) where D2 is the closed
unit disk in C and has the properties
(i) = x; ( i) = y; (`)  T; (r)  T
where (see Figure 1)
` = @D2 \ fz 2 C j <e(z)  0g;










Figure 1. A Whitney disk.
2. M() is the moduli space of J-holomorphic Whitney disks in the ho-
motopy class of . To make sense of the notion of being J-holomorphic
we use the complex structure on D2 induced by C and a complex
structure on Symg(g) coming from a complex structure on g. To
make things generic one needs to perturb the complex structure on
Symg(g) slightly, an issue which we shall ignore in this discussion.
Under generic conditions,M() is a compact oriented manifold.
3. () is the Maslov index of . The condition () = 1 from (2.2)
ensures that the dimension of M() is zero. Thus the latter becomes
a nite collection of points each with weight 1 or  1. By #M() we
mean the weighted count of elements of M().
4. nz() is the algebraic intersection number
nz() = (D
2) \  fzg Symg 1(g)
taking place in Symg(g). When M() 6= ; then
(2.3) nz()  0
as intersection points of complex varieties always carry weight 1.
We are now also in a position to state the homological grading of generators
[x; i] from Denition 2.1.
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Definition 2.3. The relative grading between 2 generators [x; i], [y; j],
x; y 2 T \ T of either of the chain complexes from Denition 2.1 is given
by
gr([x; i]; [y; j]) = ()   nz() + 2(i  j)
where  is any Whitney disk from 2(x; y). It is shown in [23] that this
denition is independent of the particular  2 2(x; y) chosen.
Theorem 2.4 (Ozsvath-Szabo, [23]). The map @1 is a dierential in
that
@1  @1 = 0 and gr(@1[x; i]; [x; i]) =  1:
By condition (2.3), @1 induces a dierential @  on CF (Y; s) and thus by
taking quotients also one on CF+(Y; s), the latter is denoted by @+. Finally
each of these three dierentials is equivariant with respect to the action of
Z[U ] and so they induce a dierential b@ on dCF (Y; s) as well.
Definition 2.5. The Heegaard Floer homology groups of a pair (Y; s),
s 2 Spinc(Y ) are dened as
HF1(Y; s) = H (CF
1(Y; s); @1) ;




;dHF (Y; s) = H dCF (Y; s); b@ :
Theorem 2.6 (Ozsvath-Szabo, [23]). The Heegaard Floer homology
groups from Denition 2.5 are independent of the Heegaard diagram chosen
in their denition. In particular, they are topological invariants of the spinc-
manifold (Y; s).
2.2. Properties of the Heegaard Floer groups. The Heegaard Floer groups
carry additional algebraic structures, each of which is also a topological in-
variant of (Y; s). These additional structures can often be used to show that
HF (Y1; s1) and HF
(Y2; s2) are not isomorphic even when their underlying
Abelian groups are isomorphic. Here  stands for any of b ;+; ;1.
Each group HF (Y; s) comes equipped with a relative Zd-grading gr :
HF (Y; s)HF (Y; s)! Zd where
(2.4) d = gcdfhc1(s); hi jh 2 H2(Y ; Z)g:
Here c1(s) 2 H2(Y ; Z) is the rst Chern class of s. When s is torsion (by
which we mean that c1(s) is torsion) the relative Z-grading gr lifts to an
absolute Q-grading egr : HF (Y; s)! Q in the sense thategr(x)   egr(y) = gr(x; y):
The denition of CF+(Y; s) in terms of CF1(Y; s) and CF (Y; s) and
the denition of dCF (Y; s) in terms of CF+(Y; s) (see (2.1)) shows that there
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are short exact sequences
0! CF (Y; s)! CF1(Y; s) ! CF+(Y; s)! 0;
0!dCF (Y; s)! CF+(Y; s) U! CF+(Y; s)! 0;
where  : CF1(Y; s) ! CF+(Y; s) is the quotient map from (2.1). These
give rise to long exact sequences in homology
: : :! HF (Y; s)! HF1(Y; s) ! HF+(Y; s)! : : : ;
: : :!dHF (Y; s)! HF+(Y; s) U! HF+(Y; s)! : : : ;(2.5)
relating the various Heegaard Floer homology groups. When s is torsion the
map  preserves the absolute Q-grading egr.
2.3. Cobordism induced maps. The Heegaard Floer homology groups t into
a TQFT framework: given a spinc 4-manifold (W; t) with @W =  Y1 t Y2
(where  Y is Y with the opposite orientation) there are induced group ho-
momorphisms
F W;t : HF
(Y1; tjY1)! HF (Y2; tjY2)
where  again stands for any of b, +,  , 1. When tjY1 and tjY2 are both
torsion the degree shift of the map F W;t is
(2.6) degF W;t := egr(F W;t(x))   egr(x) = (c1(t))2   2eW   3W4
where eW and W are the Euler number and signature of W respectively and
x 2 HF (Y1; tjY1) is any homogeneous element.
Proposition 2.7 (Ozsvath-Szabo, [20]). When W is negative denite
(i.e. b+2 (W ) = 0) the homomorphism F
1
W;t is an isomorphism for all spin
c-
structures t on W .
The exact sequences (2.5) are functorial under cobordism induced maps
in the sense that one obtains the commutative diagram with exact rows (we
only list the diagram for the second sequence in (2.5) with later applications
in mind):
(2.7)




HF (Y2; s2)     ! HF1(Y2; s2)     ! HF+(Y2; s2)
In the above diagram si stands for tjYi .
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2.4. The correction terms for 3-manifolds. Let Y be a rational homology
sphere and let s 2 Spinc(Y ) be a spinc-structure on Y .
Definition 2.8. The correction term d(Y; s) is dened to be
d(Y; s) = minf egr((x)) jx 2 HF1(Y; s)g
where  : HF
1(Y; s) ! HF+(Y; s) is the map from the second exact se-
quence in (2.5).
Example 2.9. Consider S3 with its unique spin-structure s0. Recall
from [23] that HF1(S3; s0) = Z[U;U 1] and HF+(S3; s0) = Z[U 1]. The
absolute grading on both groups is specied by egr(U k) =  2k and the map
 : HF





Thus  is surjective and therefore d(S
3; s0) is the lowest grading in
HF+(S3; s0) which in turn is given by
(2.8) d(S3; s0) = egr(U0) = 0:
The correction terms enjoy a number of nice properties. Given s 2
Spinc(Y ) let s be the conjugate spinc-structure. Likewise, let  Y denote
Y with its orientation reversed.
Proposition 2.10 (Ozsvath-Szabo, [20]). With the notation as above,
the correction terms satisfy the properties
d(Y; s) = d(Y; s);
d( Y; s) =  d(Y; s);
d(Y1#Y2; s1#s2) = d(Y1; s1) + d(Y2; s2):
Consider now two rational homology 3-spheres Y1 and Y2 equipped with
spinc-structures si 2 Spinc(Yi), i = 1; 2. Consider furthermore a cobordism
(W; t) from (Y1; s1) to (Y2; s2) (i.e. a 4-manifold W with @W =  Y1 t Y2 and
tjYi = si) with the rational homology of a S3  [0; 1]. Let x2 2 HF1(Y2; s2)
be an element with egr((x2)) = d(Y2; s2) where  is the map from (2.5).
According to Proposition 2.7, the homomorphism F1W;t : HF
1(Y1; s1) !
HF1(Y2; s2) is an isomorphism. Let x1 2 HF1(Y1; s1) be the unique preim-
age of x2 under this map. The degree-shift formula (2.6) and the commutative
diagram (2.7) show that egr((x2))  egr((x1)) = 0:
Since d(Y1; s1)  egr((x1)) by denition and d(Y2; s2) = egr((x2)) by choice
of x2, the above equality becomes the inequality
(2.9) d(Y1; s1)  d(Y2; s2):
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Reversing the orientation on W and applying (2.9) once more shows that the
opposite equality is also true and therefore
d(Y1; s1) = d(Y2; s2):
Suppose now that Y2 = S
3. Then the above discussion and the result from
Example 2.9 show that
d(Y1; s1) = 0 8 s1 2 Im[Spinc(W )! Spinc(Y1)]:
A rich source of examples 3-manifolds Y cobordant to S3 via a cobordism W
with the above properties are rational homology spheres Y bounding rational
homology balls X . In this case one can take W = X   B4 and the above
translates to give
Theorem 2.11. Let Y be a rational homology 3-sphere which bounds a
rational homology 4-ball X. Then jH2(Y ; Z)j = n2 for some n (this follows
easily from the universal coecient theorem and the exact sequence of the pair
(X;Y )) and there is a subgroup H of H2(Y ; Z) of order n such that
d(Y; s) = 0 8 s 2 H
under a suitable identication Spinc(Y ) = H2(Y ; Z).
3. The knot Floer groups
3.1. Denition of the knot Floer groups. The construction of knot invariants
in the context of Heegaard Floer homology closely follows the construction
of the Heegaard Floer groups for 3-manifolds. Thus before proceeding we
recommend that the reader rst familiarize her/himself with Section 2 and
the notational conventions therein.
Let K be a nullhomologous knot in some 3-manifold Y . We will mainly
choose Y to be S3 but the denition of the invariants in this more general
setting requires little extra work.
Definition 3.1. A doubly pointed Heegaard diagram for (Y;K) is a quin-
tuple (g ; ; ; z; w) where (g ; ; ) is a Heegaard diagram for Y compatible
with K in the sense that
1. The Heegaard diagram (g ; ; f2; :::; gg)1 is a Heegaard diagram for
the knot complement Y  N(K) (where N(K) is a tubular neighborhood
of K).
2. The curve 1 represents the meridian of K.
3. The points z; w 2 g   ( [ ) are push-os of a point m 2 1 in the
normal directions2, see Figure 2.
1One constructs a manifold from the diagram (g ; ; f2; :::; gg) by attaching disks
to the  and -curves as in Section 2. Since there is one fewer -curve than -curves, the
resulting manifold has a torus boundary.
2Which of the two push-os of m should be called z and which w is determined by a
choice of orientation of K and g , an issue which we shall neglect in our discussion.




Figure 2. Creating the basepoints z and w by normal push-
os of a point m on the meridian 1 of the knot K.
It is not hard to see that such diagrams always exist. The role of the
basepoint m is similar to the role of z in the case of 3-manifolds. Namely, it
is shown in [21] that m induces a map
sm : T \ T ! Spinc(Y0(K))
where Y0(K) is the 3-manifold obtained by 0-framed surgery onK in Y . Using
this map we can now dene a chain complex
CFK1(Y;K; t) = f[x; i; j] jx 2 T \ T ; i; j 2 Z;
sm(x) + 2(i  j)P:D:([1]) = tg
(3.1)
equipped with a dierential @1
@1([x; i; j]) =
X
y 2 T \ T
 2 2(x; y)
() = 1
#M()[y; i  nz(); j   nw()]:(3.2)
The meaning of all symbols is the same as in the explanation following (2.2)
with the exception of P:D:([1]) from (3.1) which denotes the Poincare dual
of [1] with 1 thought of as a curve in Y0(K). In Y0(K), 1 is an essential
curve and so P:D:([1]) 2 H2(Y0(K); Z) is nonzero. With this understood,
sm+2(i j)P:D:[1] denotes the spinc-structure obtained from sm by tensoring
it with the complex line bundle with rst Chern class equal to (i j)P:D:([1]).
As in the 3-manifold case, there is a number of interesting sub and quo-
tient complexes of CFK1(Y;K; t) to consider, leading to additional knot
invariants. However, with applications to subsequent chapters in mind, we
only single out one of them.
Let \CFK(Y;K; t) be the free Abelian group generated by
\CFK(Y;K; t) = f[x; 0; j] 2 CFK1(Y;K; t)g
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with dierential b@b@[x; 0; j] = X
y 2 T \ T
 2 2(x; y); () = 1
nz() = 0 = nw()
#M()[y; 0; j]:(3.3)
Theorem 3.2 (Ozsvath-Szabo, [21]). The maps
@1 : CFK1(Y;K; t)! CFK1(Y;K; t);b@ : \CFK(Y;K; t)! \CFK(Y;K; t)
dened by (3.2) and (3.3) respectively, are dierentials and the homology
groups
HFK(Y;K; t) = H (CFK
1(Y;K; t); @1) ;
\HFK(Y;K; t) = H

\CFK(Y;K; t); b@
are independent of the doubly pointed Heegaard diagram for (Y;K) chosen in
their denition and are thus topological invariants of (Y;K; t).
When Y = S3, Y0(K) is a homology S
1  S2 and so H2(Y0(K); Z) =
Z. We shall then write \HFK(K; j) to mean \HFK(S3;K; tj) for the spinc-
structure tj 2 Spinc(Y0(K)) corresponding to j 2 Z. More generally, observe
that
(3.4) Spinc(Y0(K)) = Spinc(Y ) Z:
Under this correspondence t 7! (s; j) where s 2 Spinc(Y ) is uniquely
determined by the restriction of t to Y0(K)   N(K) = Y   N(K) and
j = 12 hc1(t); [F^ ]i where F  Y is a Seifert surface for K and F^ is the surface
in Y0(K) obtained from F by capping it o with the core of the attaching
0-framed 2-handle. With this in mind we can write
\HFK(Y;K; s; j) := \HFK(Y;K; t):
The correspondence (3.4) also relates the map sm with the map sz. Under
the identication (3.4) one gets
sm(x) 7! (sz(x); j) 8x 2 T \ T
with j again given as j = 12 hc1(sm(x)); [F^ ]i.
As in the 3-manifold case, both ofHFK1(Y;K; s; j) and \HFK(Y;K; s; j)
come with a relative Zd-grading gr (with d as in (2.4)) which, when s is torsion,
lifts to an absolute Q-grading egr.
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3.2. \CFK as a ltration on dCF . LetK be a knot in S3 and let (g ; ; ; z; w)
be a doubly pointed Heegaard diagram used to dene \CFK(K; j). Let
(g ; ; ; z) be the corresponding pointed Heegaard diagram used to denedCF (S3).
There is an obvious surjective projection map  : j \CFK(K; j) !dCF (S3) given by
([x; 0; j]) = x:
The generator x itself remembers the corresponding j it came from. To see




Then x 2dCF (S3) is in the image of  restricted to \CFK(K;F(x)).
The map F induces a ltration on dCF (S3) in the sense that if y is a
homogeneous term in the expression b@(x) then F(y)  F(x), cf. [21]. With
this understood, the sets
(3.5) F(K; `) = fx 2dCF (S3) j F(x)  `g
are subcomplexes of dCF (S3) and the inclusion maps `K : F(K; `)!dCF (S3)
are chain maps. Since dCF (S3) is nitely generated it follows that
0 = F(K; `)  F(K; `+ 1)  :::  F(K;m) = dCF (S3)
for some `;m 2 Z. Notice that for all ` small enough and for all m large
enough the maps `K and 
m
K are the zero map and isomorphisms respectively.
The discussion from this section easily generalizes to the case of any null-
homologous knot K in an arbitrary 3-manifold but we shall not use this in
the remainder of the article. For more information consult [21].
4. The first invariant: (K)
Recall from Subsection 3.2 that a knot K in S3 induces an increasing
ltration F(K; `) on the chain complex dCF (S3). Let `K : F(K; `)!dCF (S3)
be the inclusion maps and recall that for ` large enough `K are isomorphisms
and for ` small enough `K are the zero maps. Finally, recall that
dHF (S3) = Z.
Using this we are ready to make the denition:
Definition 4.1. With the notation as above, we dene (K) for a knot
K in S3 to be the integer
(K) = min

` 2 Z j (`K) : H(F(K; `))! Z is nontrivial
	
:
Recall that C denotes the smooth knot concordance group.
Theorem 4.2 (Ozsvath-Szabo, [24]). The assignment K 7! (K) is a
knot invariant which satises the following properties:
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1.  induces a surjective group homomorphism  : C ! Z.
2. If K is an alternating knot then (K) equals  (K)=2 where (K) is
the signature of K.
3. The absolute value of (K) provides a lower bound on the smooth slice
genus of K
j(K)j  g(K):
4. If K+, K  are two knots which only dier locally in the neighborhood
of a single crossing as indicated in Figure 3, then
(K+)  1  (K )  (K+):
K+ K 
Figure 3. The knots K+ and K  dier only in the sign of
one crossing.
Property 1 from Theorem 4.2 allows us to apply  to questions of order
of a knot K in C:
Corollary 4.3. If (K) 6= 0 then K is of innite order in C.
This is a rather strong obstruction to being of nite order. For example, of
the 249 knots with up to 10 crossings, for all but 26 knots the knot concordance
order is known and for all but one knot (namely 10141) (K) is known. For the
222 knots where both the concordance order and  are known,  accurately
predicts the order of K being innity for all but the following 19 knots:
f77; 81; 934; 942; 101; 1031; 1032; 1068; 1071; 1086;
1090; 1096; 10104; 10107; 10114; 10122; 10130; 10136; 10146g:
Definition 4.4. The unknotting number u(K) of a knot K in S3 is the
smallest number of crossing reversals in any knot projection D of K that
unknots K.
It is not hard to see that u(K) is bounded from below by g(K) and thus
by j(K)j:
j(K)j  g(K)  u(K):
Let Tp;q denote the (p; q)-torus knot. The following is a famous conjecture
made by John Milnor [18] which was rst resolved in the armative by Peter
Kronheimer and Tom Mrowka [10] using Donaldson gauge theory.
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Conjecture 4.5. Let p; q be relatively prime integers. Then the unknot-
ting number of the (p; q)-torus knot Tp;q is given by
u(Tp;q) =
(p  1)(q   1)
2
:
This conjecture can be proved in the framework of Heegaard Floer ho-
mology using the invariant  . In [24] Ozsvath and Szabo prove the theorem
Theorem 4.6 (Ozsvath-Szabo, [24]). Let K be a knot in S3 with the
property that for some integer p  0, p-framed surgery on K yields a lens
space. Then (K) is the degree of the symmetrized Alexander polynomial
K(t) of K.
With a suitable chirality (p q  1)-framed surgery on Tp;q yields a lens
space. Thus (Tp;q) is the degree of the symmetrized Alexander polynomial
Tp;q (t) =
(1  t)(1  tpq)
(1  tp)(1  tq) t
  (p 1)(q 1)2
It follows that (Tp;q) = (p   1)(q   1)=2  u(Tp;q). On the other hand, it
is not too hard to nd an unknotting of Tp;q with (p   1)(q   1)=2 crossing
changes showing that u(Tp;q) = (p  1)(q   1)=2 as conjectured by Milnor.
Another application of  comes from C. Livingston who managed to con-
struct examples of knots with trivial Alexander polynomial but with nonzero
 . It follows then from Theorem 4.2 and the discussion from Section 1 that:
Theorem 4.7 (Livingston, [14]). The kernel of 	 : C ! Ctop contains a
complemented subgroup isomorphic to Z.
Examples of such knots are the untwisted positive Whitehead double (see
Denition 5.3 below) of the trefoil and of the pretzel knot P (3; 5; 7).
The latter represents a generator of the subgroup isomorphic to Z from
Theorem 4.7.
5. The second invariant: (K)
Let K be a knot in S3 and let YK be the double branched cover of S
3
with branching set K. All such 3-manifolds YK are rational homology spheres
with
jH2(Y ; Z)j = j det(K)j = jK( 1)j
where K(t) is the symmetrized Alexander polynomial of K. In particular,
it follows that jH2(Y ; Z)j is always odd and has therefore no 2-torsion. This
in turn implies that there is a unique spin-structure on YK which we denote
by s0 2 Spinc(YK).
Definition 5.1. Given a knot K in S3 let (K) be twice the correction
term of (YK ; s0)
(K) = 2 d(YK ; s0):
252 S. JABUKA
This is clearly an invariant of the knot. It too, like  , enjoys a number of
nice properties.
Theorem 5.2 (Manolescu-Owens, [19]). The invariant  from Denition
5.1 satises the following properties:
1.  induces a surjective group homomorphism  : C ! Z.
2. When K is alternating (K) =  (K)=2 where (K) is the signature
of K.
This theorem is of course reminiscent of the analogous Theorem 4.2 for
 . Given this resemblance between the two invariants, one might suspect that
perhaps they are just two descriptions of the same invariant. We shall see
that this is not so.
Figure 4. The satellite for the Whitehead double.
Definition 5.3. The untwisted Whitehead double Wh(K) of a knot K is
the satellite of the twisted unknot (as in Figure 4) with K as the companion
knot. Figure 5 illustrates the case of K being the right-handed trefoil. See [9]
for more information.
Theorem 5.4 (Manolescu-Owens, [19]). Let K1 = T2;2m+1 and K2 =
T2;2n+1 be two positive torus knots with m 6= n, m;n  1 and let K =
Wh(K1)#( Wh(K2)). Then K(t) = 1, (K) = (K) = 0 but (K) 6= 0.
The following easy corollary (compare to Theorem 1.3) is an improvement
on Theorem 4.7.
Corollary 5.5 (Manolescu-Owens, [19]). The kernel of 	 : C ! Ctop
contains a complemented subgroup isomorphic to Z2.
Manolescu and Owens calculated (K) for an innite family of torus knots
which further underlines the dierences between  and ; . The signature of
the torus knots T3;6n1 are given by
(T3;6n1) = 8n
while their -invariant takes the values
(T3;6n+") =

0 ; " = 1
 4 ; " =  1 :
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Figure 5. The untwisted Whitehead double of the right-
handed trefoil. The 6 half-twists on the right have been added
to ensure that the linking number is zero.
The values of (T3;6n1) can be deduced from the results of Section 4:
(T3;6n+1) = 6n; (T3;6n 1) = 6n  2:
6. The third invariant: correction terms of YK
To address the question of the possible existence of nite order knots in
C we consider in this section yet another tool coming from Heegaard Floer
homology { the correction terms of a certain double branched cover.
To start our discussion, let K be a knot and suppose that K has order
n in C. Let K 0 = #nK be the n-fold connected sum of K with itself. Then
K 0 is smoothly slice and therefore (K 0) = 0 = (K 0). Since  and  are
homomorphisms from C to Z we see that
0 = (K 0) = (#nK) = n  (K) =) (K) = 0
(and similarly (K) = 0). We thus need a better strategy for testing whether
K 0 is smoothly slice, one which cannot be \rolled back" to apply to K itself.
Towards that goal let YK0 and YK be the double branched covers of S
3
branched over K 0 and K respectively. Observe that YK0 = #
nYK and there-
fore H2(YK0 ; Z) = ni=1H2(Y ; Z) which in turn implies
Spinc(YK0) = ni=1Spinc(YK):
Let D be a slice disk for K 0 (i.e. a smoothly and properly embedded disk in
the 4-ball B4 with @(B4; D) = (S3;K 0)) and let XK0 be the double branched
cover of B4 branched over D. Then XK0 is a rational homology ball with
@XK0 = YK0 . Thus according to Theorem 2.11 there must be a subgroup H0
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of H2(YK0 ; Z) of order j det(K)jn=2 and with
d(YK0 ; s
0) = 0 8s0 2 H0:
Let us write s0 = (s1; :::; sn) with si 2 H2(YK ; Z). Proposition 2.10 and the
above equation translate into
d(YK ; s1) + :::+ d(YK ; sn) = 0 8s0 = (s1; :::; sn) 2 H0:
We summarize in
Theorem 6.1 (Jabuka-Naik, [7]). If K is of order n in C then there exists
a subgroup H0 of ni=1H2(YK ; Z) of order j det(K)jn=2 with
d(YK ; s1) + ::+ d(YK ; sn) = 0 8(s1; ::; sn) 2 H0:
Here YK is the double branched cover of S
3 branched over K.
Given a knot K it is a priori impossible to determine the group H0 from
Theorem 6.1. To use the obstruction one has to:
1. Determine all subgroups H0 of ni=1H2(YK ; Z) of order j det(K)jn=2.
2. Check if the equation d(YK ; s1)+ ::+d(YK; sn) = 0 is satised for each
(s1; :::; sn) 2 H0.
3. If the equation from Step 2 is not satised by any group H0 from Step
1, then K cannot be of order n in C.
As in illustration of these techniques, consider the table of the 26 knots among
the 249 knots of up to 10 crossings whose order in C is not yet known:
Table 1.
Knot K Order of K Knot K Order of K Knot K Order of K
813  4 1026  4 10102  4
817  4 1028  4 10109  4
914  4 1034  4 10115  4
919  4 1058  4 10118  4
930  4 1060  4 10119  4
933  4 1079  4 10135  4
944  4 1081  4 10158  2
1010  4 1088  4 10164  4
1013  4 1091  4
The existing lower bounds on the concordance orders of these knots have
been determined by C. Livingston and S. Naik [16, 17] and A. Tamulis [26].
Using Theorem 6.1 one can prove
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Theorem 6.2 (Jabuka-Naik, [7]). The concordance order of K from the
following list of 14 knots
813; 914; 919; 933; 944; 1013; 1026; 1028;
1034; 1058; 1060; 10102; 10119; 10135

is at least 6.
While in principle the obstruction from Theorem 6.1 goes beyond the
scope of this application, it is sheer computational complexity that prevents
us from checking the vanishing of the obstruction for larger n. Theorem
6.2 was arrived at by using a Mathematica script to verify the obstruction
from Theorem 6.1. As an example, the calculation for the knot 10115 (whose
determinant is 109, the largest of any knot in Table 1) took 3 hours and 20
minutes on an Intel Core Duo processor with 1.66 MHz. It is conceivable that
as technology pushes forward the speed of our personal computers, the lower
bound on the concordance order of the knots from Theorem 6.2 may grow as
well.
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